It was proposed recently that different chiralities of the dark matter (DM) fermion under a broken dark U(1) gauge group can lead to distinguishable signatures at the LHC through shower patterns, which may reveal the mass origin of the dark sector. We study this subject further by examining the dark shower of two simplified models, the dubbed Chiral Model and the Vector Model. We derive a more complete set of collinear splitting functions with power corrections, specifying the helicities of the initial DM fermion and including the contribution from an extra degree of freedom, the dark Higgs boson. The dark shower is then implemented with these splitting functions, and the new features resulting from its correct modelling are emphasized. It is shown that the DM fermion chirality can be differentiated by measuring dark shower patterns, especially the DM jet energy profile, which is almost independent of the DM energy.
I. INTRODUCTION
The nature of dark matter (DM) remains one of the most challenging puzzles in modern physics.
One of the popular scenarios is that the DM is composed of weakly interacting massive particles (WIMP) [1] , as strongly motivated by the supersymmetric framework [2] . Null results of direct detection and LHC search have highly constrained this scenario in recent years. Meanwhile, new evidences such as the positron excess in cosmic ray spectra [3] , the tension between the cold DM model and the small structure observations of the universe [4] , etc. have led us to consider other options. One possibility is that there exists a new interaction in the dark sector [5] [6] [7] [8] , given the rich dynamical structure in the Standard Model (SM). In particular, stability or longevity of DM particles could be associated with exact or approximate quantum numbers, that might be in turn the results of exact gauge symmetries or accidental symmetries of underlying dark gauge groups, in analogy with the electron stability and the proton longevity (see Refs. [9, 10] for discussions along this line of thoughts).
The simplest candidate for the new dark gauge interaction arises from a hidden U (1) gauge group which is kinetically mixed with the U (1) sector in the SM. The study of a new U (1) gauge group has a long history [11] . The operation of the LHC has provided a unique opportunity to test various scenarios with new U (1) interactions [12] . Here we are interested in a light DM charged under a dark U (1) d group with the mass around the sub-GeV scale. As this light DM is produced energetically at a collider, it radiates multiple collimated U (1) d gauge bosons, i.e., dark photons, which then decay back into SM particles, forming detectable leptonic or hadronic jets. This is an analogue to the phenomenon called the parton shower in the SM, especially the electroweak (EW)
shower [13] , if the dark photon has a small mass. The subject on the dark shower has been investigated recently in the literature: both analytical and Monte Carlo methods were applied to the model, in which DM fermions interact with gauge fields only through a vector current [14] ; both the vector and the axial vector interactions were considered in [15] , where it was pointed out that whether left-handed and right-handed fermions have different interactions with gauge bosons could be determined by measuring the dark shower patterns at the LHC.
In this paper we will further explore the relation between the dark shower patterns and the chirality of the DM fermion, motivated by the close connection of the DM property under the gauge group to the mass origin in the dark sector. The dark photon mass can come from two types of mechanism, the Higgs mechanism and the Stüeckelberg mechanism [16, 17] . The latter can be seen as a limiting case of the former with the Higgs sector -including the longitudinal gauge boson after symmetry breaking and the Higgs boson -decoupling from a theory, such that the fermion involved in the former (the latter) prefers to be chiral-like (vector-like). The dark shower pattern is then mainly governed by transversely polarized dark photons in the case of the Stüeckelberg mechanism, but receives additional contributions from longitudinally polarized dark photons and dark Higgs bosons in the case of the Higgs mechanism. Because transversely polarized dark photons tend to be soft, while longitudinally polarized dark photons and dark Higgs bosons do not, different shower patterns can be produced in the two scenarios. Therefore, exploring the chiral behavior of the DM fermion through the dark shower patterns helps understand the origin of the dark photon mass.
The rest of the paper is organized as follows. In Sec. II, we elaborate the two mass generation mechanisms for dark photons and how they are related to the chiral property of the DM fermion.
Two simplified models, the Chiral Model and the Vector Model, are introduced for the realization of mass generation. In Sec. III, we explain the setting of the dark shower and the role of the splitting functions, mentioning some subtleties attributed to particle mass effects. The splitting functions with the DM fermions as the initial particles in the considered models are then derived according to the formalism for the EW shower in Ref. [13] . In Sec. IV, we implement the dark shower with the Monte Carlo program developed in Ref. [13] , examine several observables associated with the dark shower, and highlight the different patterns between the two models. It will be demonstrated that the DM jet energy profile, being almost independent of the DM energy, is an appropriate observable for differentiating the DM fermion chirality. Section V is the conclusion. Some examples on the calculation of the splitting functions are presented in the Appendix.
II. MODELS
A peculiar observation about an abelian gauge theory is that a gauge boson can obtain a mass without the Higgs mechanism, while the theory still remains gauge invariant and renormalizable.
The mechanism is referred to as the Stüeckelberg mechanism [16, 17] which differs from the wellknown Higgs mechanism in the number of degrees of freedom. The latter requires an additional scalar field charged under the gauge group to induce symmetry breaking, after which the Goldstone modes are "eaten" by the gauge fields to become the longitudinal polarizations. As the dark photon mass is generated through the Higgs mechanism, there are effectively two more degrees of freedom, the longitudinal polarization of the dark photon and the dark Higgs boson. The Stüeckelberg mechanism is a limiting case of the Higgs mechanism, in which the vacuum expectation value (VEV) of the Higgs boson approaches to infinity, while the Higgs charge and the Yukawa coupling approach to zero in the way that the gauge boson (fermion) mass, proportional to the product of the Higgs charge (Yukawa coupling) and the VEV, remains fixed. The Higgs boson, with its mass being proportional to the product of the square root of the finite Higgs self-coupling and the VEV, then decouples. Hence, if the dark photon obtains its mass through the Stüeckelberg mechanism, neither the Goldstone mode nor the dark Higgs boson will exist.
As stated in the introduction, the origin of the dark photon mass is closely related to the DM fermion property under the gauge group U (1) d . The argument goes as follows: we first assume that the DM fermion is of the Dirac type and has some generic interactions with the dark photon.
If the DM fermion is chiral-like, the left-handed fermion and the right-handed fermion can have different U (1) d charges, and a bare mass term for the fermion is forbidden by the U (1) d symmetry.
Similarly to the SM, a dark Higgs field has to be introduced to give the fermion mass, which then gives the dark photon mass as well naturally. Thus the dark photon mass is likely to be induced by the Higgs mechanism in this case. Alternatively, if the DM fermion is vector-like, the left-handed and right-handed fermions have the same charge under the dark U (1) d group. It is then impossible for the fermion mass to come from the symmetry breaking of a Higgs sector under the same U (1) d group. It is also natural to assume that the dark photon mass is attributed to the Stüeckelberg mechanism without a Higgs sector.
We realize the above two scenarios with the simplified models below. The Chiral Model for the implementation of the Higgs mechanism is defined as
where the fields with primes represent the dark fields, describes the mixing strength between the dark and SM photons, (h + iφ ). After dark gauge symmetry breaking, Φ acquires a VEV v Φ along the direction of h : h → h + v Φ , and particles get their masses with the dark photon mass
, and the dark Higgs mass
Here we have adopted the sign convention of the coupling, so that g Q Φ > 0 and y χ > 0.
It is easy to see that Eq. (1) reduces to the Vector Model for the Stüeckelberg mechanism in 
for which we have
The two models are typical, and do not cover all the possibilities [16] . In the chiral case, other possibilities are highly constrained by the unitarity and gauge invariance [18] , such that a dark
Higgs sector seems to be inevitable. In the vector case, the dark photon mass is still allowed to arise from the Higgs mechanism, but we would need to add additional degrees of freedom to the model. Because these possibilities do not modify the relation between the shower patterns and the DM fermion chirality essentially, we will ignore them here without losing generality, and leave them to future works.
III. COLLINEAR SPLITTING FUNCTIONS AND DARK SHOWER A. Mass Effects
When the masses of the DM and the dark photon are much lower than the center-of-mass energy of a collider, their production rates are greatly enhanced in collinear regions of radiative corrections, leading to multiple dark particles collimated with the DM along a certain direction.
This dark shower is in analogy to the QCD and EW showers in the SM. If the dark photon has a finite mixing with the SM photon, the produced dark photons may decay into SM particles, resulting in signatures of lepton jets [14] or light-hadron jets.
The evolution of the dark shower initiated by the mother particle A through the radiation A → B + C is controlled by the Sudakov form factor
which sums all possible collinear splitting functions
is the energy fraction of the particle C to the particle A. The evolution variable is usually taken as t = log(k 2 T ) or t = log(q 2 ) with k T being the transverse momentum of a final state particle and q 2 being the virtuality of A. The lower bound t 0 = log(m 2 cutoff ) corresponds to the infrared cutoff scale m cutoff = max(m A , m χ , m h ). As seen below, the mass terms in the splitting functions play the role of an infrared cutoff, so that the choice of t 0 is largely irrelevant as long as it is not higher than the mass scale of the theory.
The dark shower in a massive U (1) theory bears many similarities to the EW shower. In Ref. [13] , all the 1 → 2 EW splitting functions were derived, including the broken splitting functions that are proportional to the VEV of the Higgs field, or equivalently, particle masses. The splitting function
can be expanded in powers of
[13] in a model with symmetry breaking, leading power :
next-to-leading power:
where the mass parameter m depends on the specific splitting process. The denominatork
The splitting functions at the leading power, being mass independent, correspond to those in the unbroken theory. The splitting functions from the next-to-leading-power corrections are more enhanced at low k T relative to the unbroken splittings, and called the "ultra-collinear" splittings [13] . The origin of the ultra-collinear splittings can be interpreted as the VEV insertions into either particle propagators or splitting vertices [13] .
Compared to the splitting functions for massless particles, we have replaced
such that the mass terms ink 4 T play the role of an infrared regulator. The evolution of the parton shower will shut off automatically, when it approaches to the infrared scale. Note that the infrared regularization in the QCD shower is implemented with a sharp cutoff, below which the hadronization takes place. The mass effects are included in Pythia [19] currently by adding an extra term to the splitting function [14] ,
equivalent to the Taylor expansion of
to the order of
The separation of the unbroken and broken pieces is best illustrated in the splittings containing longitudinal vector bosons. Naively, the splitting function for χ → χA L can be obtained through the Goldstone equivalence theorem, whose contribution, however, accounts only for the unbroken piece. It has been proposed to take into account the symmetry breaking effects by imposing the Goldstone equivalence gauge (GEG) [13] . To explain what this new gauge does, we write the longitudinal polarization vector as
with the momentum of the vector boson k µ = (k 0 , k) and the direction of GEG being defined by a null vector n µ = (1, −k) withk ·k = 1. The term ; while the latter, that does not flip the fermion helicity, contributes at next-to-leading power, i.e., to the ultra-collinear splittings as seen in the next subsection. Besides, the fermion mass also contributes to the ultra-collinear splittings in a similar way.
B. Splitting Functions
The splitting functions in the Chiral Model and Vector Model are described by the same set of parameters α = g 2 /(4π), m A , m χ , m h , as well as Q L and Q R , in terms of which all other parameters Q Φ , y χ , and λ Φ can be expressed. We focus on the splittings with χ being the only initial state in the present work. The leading power splittings are given by
where s denotes both the helicity ±1/2 in χ s and the chirality L/R in Q s . The helicity and the chirality become identical in the high energy limit with s = ∓ 1 2 corresponding to s = L/R for particles (as opposed to antiparticles). Here we use left-handed/right-handed to label the helicity and the chirality interchangeably. It is found from the above splitting functions that the radiation of transversely polarized dark photons exhibits a soft enhancement at small z, and that the radiations of longitudinally polarized dark photons and dark Higgs bosons diminish at leading power in the Vector Model due to Q Φ = 0. These are the major features which cause the different dark shower pattens in the Chiral and Vector Models.
We have the next-to-leading-power splitting functions
At this subleading level, longitudinally polarized dark photons contribute in the Vector Model, but dark Higgs boson still do not. As shown in the next section, the next-to-leading-power effects on the dark shower patterns are less important.
In the above derivation with only the dark radiation, we have assumed that the mass eigenstate of the massive dark photon is what appears in the Lagrangian. Strictly speaking, we need to perform the field redefinition and diagonalize the mass matrix to find the real mass eigenstates first. After the diagonalization, the real massless eigenstate does not interact with the DM fermion directly, and the massive dark photon can be also radiated by a SM fermion, such as a colliding parton, whose effect is, however, suppressed by the mixing parameter . Besides, the 1 → 2 splitting amplitudes mainly collect collinear contributions, and it has been known that different collinear sub-processes do not affect each other significantly. Including a U (1) Y gauge group from the SM side, we get an additional interaction between the DM fermion and the Z boson. This interaction does not induce new collinear splittings, because the Z boson mass is much larger than the mass scale considered here.
Compared with Ref. [15] and the setting in Pythia, our formulae have several important differences:
• In the splittings, we treat the fermion helicities separately. This is necessary, because it is not guaranteed that the initial particle in the shower is unpolarized. Moreover, the fermion flips its helicity in some splittings, leading to nontrivial interplay between different helicities, which cannot be captured by naively taking an average of the initial helicities in the splittings.
Especially, we find that even though the DM is unpolarized initially, it can obtain a certain polarization after showering in our setup 1 .
• We incorporate the dark Higgs boson contribution in the splitting functions, since it arises naturally along with the Goldstone mode in the Chiral Model.
• Our splitting function for χ s → χ −s + A L contains an additional factor z/2 relative to the result in Ref. [15] , which arises from the choice of the wave function for the initial state fermion in the evaluation of the splitting functions. We point out that in order for proper factorization of the collinear splitting functions from hard processes, the "on-shell" wave function is required regardless of the kinematics, as elaborated further in Appendix A.
• We have one more set of splitting functions (scaling as
) attributed to the symmetry breaking, which are more enhanced in the small k T region than the leading-power splitting functions.
IV. IMPLEMENTATION OF DARK SHOWERING
We implement the dark shower with the derived splitting functions using the EW shower program from Ref. [13] , and compare its patterns in the Chiral Model and Vector Model at several benchmark points. For the same couplings and masses, the difference between the two models is characterized by the charge ratio Q L /Q R . Following Ref. [15] for an immediate comparison, we choose (Q V , Q A ) = (1, 1) for the Chiral Model and (Q V , Q A ) = (1, 0) for the Vector Model, where
. Except for the dark Higgs mass m h , the other parameters of the models are also the same as in Ref. [15] . Three benchmark points A, B and C are selected as We simulate the hard process of DM fermion pair production at the LHC with the center-of-mass energy √ s = 14 TeV through the effective operator (qγ µ q)(χγ µ χ), requiring an associated jet to have a transverse momentum p T > 200 GeV. After the dark shower, dark Higgs bosons in the final state are assumed to exclusively decay into pairs of dark photons, which subsequently form electron pairs, muon pairs and pion pairs. For our choice of the dark photon mass, the decay branching ratios are set to Br(A → ee) = Br(A → µµ) = 0.45 and Br(A → ππ) = 0.1, respectively [20] . For simplicity, we also assume that the produced dark photons mostly decay into SM particles inside a collider. It then demands a large enough kinetic mixing > ∼ 8.2 × 10 −6 , so that A decays within a length of ∼ O(1) mm according to the total decay width Γ A ∼ α em 2 M A . On the other hand, the mixing effect should be small enough for justifying the neglect of the initial state dark radiation as noted before. The subtle cases, in which the dark photons partially decay into SM particles, and the initial state dark radiation contributes, will be studied elsewhere.
For the shower patterns, we consider three observables: (i) the scalar sum of transverse momenta p T over all produced dark photons,
(ii) the number n A of dark photons per event, and (iii) a jet substructure called the energy profile of the DM jet. Because the dark photons are highly boosted, H T gives the same result as the scalar sum of p T over all leptons and hadrons from the dark photon decays. Though the distribution in n A reflects the nature of the dark sector, strictly speaking, the photon number is not an infrared safe observable in the high energy limit. Equation (3) implies that the small k T region in the splitting is favored, namely, the emitted particles tend to form a jet along the direction of the DM fermion momentum. It has been known that jet substructures serve as a powerful tool to explore properties of parent particles which lead jets. For example, it was proposed in [21] We have emphasized the differences between our treatment of the dark shower and the splitting functions and that in Ref. [15] at the end of Sec. III B. The results of the Chiral Model using the program and the splitting functions in Ref. [15] correspond to the curves labelled by "chiral model from Zhang et al.". Regardless of the general agreement, we cannot accommodate some distinctions from those in Ref. [15] , which might be due to the different settings in the shower program and Pythia. We have cross checked our program with that of Ref. [14] for the Vector Model, and confirmed agreement on the average dark photon number.
To examine the shape of DM jets for each benchmark point, we cluster the final state particles radiated by a DM fermion using the anti-k t jet algorithm for the jet radius R = 2 to determine the 2 We have confirmed that the HT distributions from the Chiral Model with QL = 1 and QR = 0 and from the Vector Model with QL = QR = 1 are exactly the same after proper normalization, when the Yukawa coupling is zero or negligible compared to α . transverse momentum k T compared with transversely polarized dark photons, according to the Sudakov form factor in Eq. (3). In the right panel, we exhibit the jet profile for the point A with different DM energies. It is seen that the jet profile is mainly determined by the DM fermion chirality, and almost independent of the DM energy. This observation can be understood via the resummation formalism for the jet energy profile [22] , whose behavior is mainly determined by the r-dependent and energy-independent double logarithm. It implies that the jet profile is an appropriate observable for differentiating the DM fermion chirality. 
V. CONCLUSION
In this paper we have investigated the dark shower patterns generated by an energetic light DM fermion with different interactions to the dark photons at the LHC, evaluating the three observables explicitly, the scalar sum of dark photon transverse momenta, the dark photon number, and the energy profile of DM jets. Our work was motivated by the connection of the DM chiral property under a dark U (1) gauge group to the mass origin of the dark sector, which could be realized at least in the simple Chiral and Vector Models considered here. It was shown that the DM chirality can indeed be distinguished by measuring the dark shower patterns: the shower is dominated by soft transversely polarized dark photons in the Vector Model, while it contains extra energetic longitudinally polarized dark photons and dark Higgs bosons in the Chiral Model. Especially, the jet energy profile, mainly determined by the DM fermion chirality and almost independent of the DM energy, seems to be an appropriate observable for the purpose.
Compared with the literatures on this subject, we have derived the complete set of 1 → 2 splitting functions with the DM fermion as the initial state in the "DM fermion+dark U (1)" scenario. Based on these splitting functions, our implementation of the dark shower exhibits several novelties, making the analysis more accurate and valuable:
1. We specified the helicities of the DM fermions in the splitting functions and stressed that this specification is important for the Chiral Model, especially when the Yukawa coupling is comparable to the dark gauge coupling.
2. We analyzed the effects of the dark Higgs boson in different limits of the dark Higgs mass.
3. We included the symmetry breaking effects in the dark shower through a class of new splitting functions at power of It is obvious that our framework can be applied to more complicated and realistic models, and extended to include splittings of other initial particles, such as dark Higgs bosons, dark photons, etc..Ẇe will address these subjects in future publications. We specify the helicities, and divide the splittings into the helicity-flipping one χ s → χ −s A L (leading power) and the helicity-conserving one χ s → χ s A L (next-to-leading power). The χ s → χ −s A L splitting amplitude is written as
in which the power suppressed term comes from the gauge component contribution. The Goldstone component leads to
via which we obtain, according to Eq. (A2), the splitting function for χ s → χ −s A L given in Eq. (10).
The χ s → χ s A L splitting amplitude is decomposed into
with
where P s is the operator to project out the left-handed chirality (P L = 1−γ 5
2 ) or the right-handed chirality P R = 1+γ 5 2 . A straightforward derivation yields the splitting amplitudes
